Jacobi structures on real two- and three-dimensional Lie groups and
  their Jacobi-Lie systems by Amirzadeh-Fard, H. et al.
ar
X
iv
:2
00
4.
05
34
6v
1 
 [m
ath
-p
h]
  1
1 A
pr
 20
20
Jacobi structures on real two- and three-dimensional Lie groups and their
Jacobi–Lie systems
H.Amirzadeh-Fard1 ∗, Gh. Haghighatdoost1†, P. Kheradmandynia2 A. Rezaei-Aghdam2 ‡
1Department of Mathematics,Azarbaijan Shahid Madani University, 53714-161, Tabriz, Iran
2Department of Physics, Azarbaijan Shahid Madani University, 53714-161, Tabriz, Iran
April 14, 2020
Abstract
Using the adjoint representations of Lie algebras, we classify all Jacobi structures on real two- and
three-dimensional Lie groups. Also, we study Jacobi–Lie systems on these real low-dimensional Lie groups.
Our results are illustrated through examples of Jacobi–Lie Hamiltonian systems on some real two- and
three-dimensional Lie groups.
keywords: Lie group, Jacobi structure, Lie system, Jacobi–Lie system.
1 Introduction
A Lie system is a system of t-dependent first-order ordinary differential equations that describes the integral
curves of a t-dependent vector field taking values in a finite-dimensional Lie algebra of vector fields, called
Vessiot-Guldberg Lie algebra [1, 2].
Sophus Lie laid down the study of systems of first-order ordinary differential equations with a superposition
rule [1]. In other words, a map expressing its general solution in terms of a generic finite family of particular
solutions and some constants. Systems of first-order differential equations admitting a superposition rule are
called Lie systems.
In recent years, many authors have devoted a great deal of attention to Lie systems admitting a Vessiot-
Guldberg Lie algebra of Hamiltonian vector fields with respect to a geometric structure [2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12]. In [13], a special case of Lie systems on Jacobi manifolds, called Jacobi–Lie systems, admitting
Vessiot-Guldberg Lie algebra of Hamiltonian vector fields relative to a Jacobi structure presented and the
authors classified Jacobi–Lie systems on the real line and the plane. In our previous work [14], we have studied
Jacobi–Lie Hamiltonian systems on real low-dimensional Jacobi–Lie groups and their Lie symmetries.
In this work, we give a method to classify Jacobi structures on a Lie group by means of the adjoint repre-
sentation of the Lie algebra and classify all Jacobi structures on real two- and three-dimensional Lie groups.
Also, using these Jacobi structures, we obtain some examples of Jacobi–Lie Hamiltonian systems on these Lie
groups .
The plan of the paper is as follows. In the second section, we briefly review some definitions of Lie system
and Jacobi–Lie Hamiltonian system. In section three, we describe a useful method for creating Jacobi structures
on low-dimensional Lie groups by using the adjoint representations, and we calculate these structures on real
two- and three-dimensional Lie groups. In the fourth section, using [13, 15 ] we obtain Jacobi–Lie systems on
real two- and three-dimensional Lie groups.
2 A brief review of Lie and Jacobi–Lie Hamiltonian system
For the purpose of self-containment of the paper, we take a brief review of the Lie-system [12] and Jacobi–Lie
Hamiltonian system (see the review in [ 13]).
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2.1 A time-dependent vector field and Lie system
Given two subsets a, b of Lie algebra g, we represent by [a, b] the vector space spanned by the Lie brackets
between elements of a and b, respectively, and we denote by Lie(a) the smallest Lie subalgebra of (g, [., .])
containing a.
A time-dependent vector field on a manifold M is a continuous map X : R × M −→ TM such that
X(t, x) ∈ TpM for each (t, x) ∈ R×M. In other words, every time-dependent vector field amounts to a family
of vector fields {Xt}t∈R, where the map Xt : M −→ TM, x 7→ Xt(x) = X(t, x) is a vector field on M and vice
versa [15].
An integral curve of a time-dependent vector field is an integral curve γ : R −→ R×M, t 7→ (t, x(t)), of the
suspension of time-dependent vector field [16], namely
X¯ : R×M −→ T (R×M) ≃ TR⊕ TM, (t, x) 7→
∂
∂t
+X(t, x). (1)
For every integral curve γ, we have
dx(t)
dt
= (X ◦ γ)(t).
The smallest Lie subalgebra of a time-dependent vector field X on M is the smallest real Lie algebra
containing the vector fields {Xt}t∈R, that is, g
X = Lie({Xt}t∈R).
Definition 2.1 A Lie system is a time-dependent vector field X on M whose Lie({Xt}t∈R) is finite-dimensional
[12].
Definition 2.2 A superposition rule depending on n particular solutions for a time-dependent vector field X
on M is a function Γ :Mn ×M −→M, (x(1), ..., x(n); θ) 7−→ x, such that the general solution x(t) of X can be
brought into the form x(t) = Γ(x(1)(t), ..., x(n)(t); θ), where x(1)(t), ..., x(n)(t) is any generic family of particular
solutions and θ = (θ1, ..., θm) is a point of M to be related to initial conditions [1].
Theorem 2.3 A time-dependent vector field X on M admits a superposition rule if and only if it has the form
X(t, x) =
∑r
i=1 ai(t)Xi(x) for a certain family a1(t), ..., ar(t) of time-dependent functions and a family of vector
fields X1, ..., Xr on M spanning an r-dimensional real Lie algebra [1,17].
2.2 Jacobi–Lie Hamiltonian system
The notion of Jacobi manifolds was introduced by A. Lichnerowicz [18] and A. Kirillov [19]. Jacobi manifolds
that we want to discuss are Lichnerowicz’s Jacobi manifolds, known also as a local Lie algebra structure on
C∞(M,R) appeared in the works of A. Kirillov [19]. Also, Jacobi–Lie Hamiltonian systems were introduced by
Herranz, Lucas and Sardo´n in [13].
Definition 2.4 A Jacobi manifold is a triple (M,Λ,E) where Λ ∈ Γ(
∧2
TM) and E ∈ Γ(TM) satisfying
[[Λ,Λ]] = 2E ∧Λ, [[E,Λ]] = 0, (2)
where [[., .]] stands for the Schouten-Nijenhius bracket (see [20] for details).
Definition 2.5 A vector field Xf on a Jacobi manifold (M,Λ,E) is said to be a Hamiltonian vector field if it
can be written in the form
Xf = [[Λ, f ]] + fE = Λ
#(df) + fE (3)
for f ∈ C∞(M) which is called the Hamiltonian [13].
Definition 2.6 A Lie system is said to be a Jacobi–Lie system if it admits a Vessiot-Guldberg Lie algebra g of
Hamiltonian vector fields with respect to a Jacobi structure [13].
Definition 2.7 A Jacobi–Lie system is said to be a Jacobi–Lie Hamiltonian system (M,Λ, E, f) if Xft is a
Hamiltonian vector field with Hamiltonian function ft such that Lie({ft}t∈R, {., .}Λ,E) is finite-dimensional.
Where f : R×M −→M, (t, x) 7→ ft(x) is a t-dependent function ∀t ∈ R [13].
2
3 Classification of Jacobi structures on real low-dimensional Lie
groups
Here, using non-coordinate bases, we translate the Jacobi structures on a Lie group into a Lie algebra. Next,
applying the adjoint representation for the Lie algebras and the vielbeins for Lie group, we classify Jacobi
structures on real two and three dimensional Lie groups.
3.1 Jacobi structures on manifolds
Let xµ(µ = 1, ..., dimM) be the local coordinates of a manifold M . We have the following relations for the
Jacobi structure (Λ,E) on M :
Λ =
1
2
Λµν∂µ ∧ ∂ν , (4)
E = Eµ∂µ, (5)
and the Jacobi bracket on M :
{f, g}Λ,E = Λ
µν∂µf∂νg + fE
µ∂µg − gE
µ∂µf, ∀f, g ∈ C
∞(M), (6)
where we use Einstein’s summation convention, and the symbol ∂µf means that we compute the usual derivative
of f with respect to xµ.
Substituting the Jacobi bracket (6) in the Jacobi identity, one can obtain the following relations
Λνρ∂ρΛ
λµ +Λµρ∂ρΛ
νλ +Λλρ∂ρΛ
µν +EλΛµν +EµΛνλ +EνΛλµ = 0, (7)
Eρ∂ρΛ
µν −Λρϑ∂ρE
µ +Λρµ∂ρE
ν = 0. (8)
The equations (7) and (8 ) have called the Jacobi equations which can also be obtain from (2). To obtain
the general form of the Jacobi structures on a manifold M, one can compute the general solution for the Jacobi
equations [21].
As a Lie group is a smooth manifold and it is also a group in the algebraic sense, we have the Jacobi
structures on Lie group.
3.2 Jacobi structures on real low-dimensional Lie algebras
Now using non-coordinate bases, we translate the equations (7), (8) from a Lie group into a Lie algebra.
Definition 3.1 [22] In the coordinate basis, TpM is spanned by {eµ} = {∂µ} and T
∗
pM by {dx
µ}. Considering
their linear combination, we have
eˆa = e
µ
a ∂µ, θˆ
a = eaµdx
µ, {e µa } ∈ GL(m,R), (9)
where det e µa > 0 ; that is to say, eˆa is the frame of basis vectors which is obtained by a GL(m,R)-rotation of
the basis {eµ} preserving the orientation.
Applying 〈eˆa, θˆ
b〉 = δ ba , we obtain
eaµe
ν
a = δ
ν
µ , e
a
µe
µ
b = δ
a
b, (10)
where eaµis inverse of e
µ
a , and indices µ, ν, · · · and a, b, · · · related to the coordinates of the Lie group and the
basis of the Lie algebra, respectively. The bases {eˆa} and {θˆ
a} are called the non-coordinate bases [22].
Using the eˆa = e
µ
a ∂µ, we have
[eˆa, eˆb] = f
c
ab eˆc, (11)
where the coefficient f cab related to the vielbein e
µ
a with the following Maurer-Cartan relation:
f cab = e
c
ν(e
µ
a ∂µe
ν
b − e
µ
b ∂µe
ν
a ). (12)
These coefficients are the structure constants of the Lie algebra g of the Lie group G when M is a Lie group G
[22].
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Writing the Jacobi structure (G,Λ,E) in terms of the non-coordinate basis, we have
Λµν = e µa e
ν
b Λ
ab, (13)
Eµ = e µa E
a, (14)
where the Jacobi structure Λab andEa are related to Lie algebra and we have assumed that these are independent
of the coordinate of Lie group.
Inserting (13) and (14) into (7) and (8), and using the Maurer-Cartan equation (12) one can obtain the
following relations:
fbc
fΛhbΛce + fbd
eΛhbΛfd + fba
hΛebΛaf + EfΛeh + EeΛhf + EhΛfe = 0, (15)
fac
dEaΛce + fab
eEaΛdb = 0. (16)
Working with tensorial form of the equations (15) and (16) is far difficult; as a result, we suggest writing
these equations in matrix forms using the following adjoint representations for Lie algebras
fab
c = −(χa)b
c
, fab
c = −(Yc)ab, (17)
Hence, the relations (15) and (16) can be rewritten as follows, respectively
−
(
Λce(χtcΛ) + ΛY
eΛ + (Λχb)Λ
be + EeΛ
)fh
+ EfΛeh + ΛfeEh = 0, (18)
(Λχa − (Λχa)
t)Ea = 0. (19)
To compute the general solutions for the equations (18) and (19), we use the Maple program. The solutions of
equations (18) and (19) yield the Jacobi structures on real low-dimensional Lie algebras. The results for two-
and three-dimensional Lie algebras have been listed in Tables 3 and 4.
Note that in the classification of these Jacobi structures some of these Jacobi structures are equivalent, so
to classify them, we must define an equivalence relation and use the following theorem.
Theorem 3.2 Two Jacobi structures (Λ, E) and (Λ′, E′) are equivalent if there exist A ∈ Aut(g), ( i.e., auto-
morphism group of the Lie algebra g) such that
Λ = AtΛ′A, (20)
and
Ee = E′
b
A eb . (21)
Proof. By definition of automorphism of the Lie algebra g with the basis {Xa} and the structure constants
f cab , A : g −→ g we have
AXa = A
b
aXb, (22)
where A ba satisfies the following relation
A ka f
m
kl A
l
b = f
c
abA
m
c . (23)
Applying (17) in (23), one can obtain matrix relations
AYmAt = YcA mc , (24)
and
AχlA
l
b = χbA, (25)
where A is the matrix form of A ba and A
t is the transpose of A.
Inserting ( 20) and ( 21) into (18) and using (24) and (25), and multiply the left side of the above equation
by (A−t) fs and the right side by (A
−1) le (A
−1) ph , one can obtain the following relation
−
(
Λ′
ab
(χtaΛ
′) + Λ′YbΛ′ + (Λ′χd)Λ
′
db
+ E′
b
Λ′
)su
+ E′
s
Λ′
bu
+ Λ′
sb
E′
u
= 0.
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Hence, (Λ, E) and (Λ′, E′) are solutions of the equations (18) and (19) and they are equivalent.
In the same way by inserting (20) and ( 21) into (19), one can obtain
(AtΛ′Aχa − (A
tΛ′Aχa)
t)E′
b
Aab = 0, (26)
then using (25), and multiply the left side of the equation by A−t and the right side by A−1 we have
(Λ′χb − (Λ
′χb)
t)E′
b
= 0. (27)
So E and E′ are equivalent and consequently Jacobi structures (Λ, E) and (Λ′, E′) are equivalent.
For an illustration of the method of the classification (Tables 3 and 4), here we explain our method for the
three dimensional Bianchi type Lie algebra III.
3.3 An example for III Lie algebra
In Tables 1 and 2 we have used the Landau and Lifshitz classification [24] for three dimensional Lie algebras,
and we have applied the Patera and Winternitz classification[23] for two dimensional Lie algebras (see Tables 1
and 2 ).
Let us illustrate all details of the method of the classification of the Jacobi structure on real low-dimensional
Lie algebra for the Lie algebra III with the following non-zero commutator
[X1, X2] = −(X2 +X3), [X1, X3] = −(X2 +X3).
We write the matrix form of the bivector field Λ and Reeb vector field E as follows:
Λ =

 0 λ12 λ13−λ12 0 λ23
−λ13 −λ23 0

 , E =


e1
e2
e3

 , (28)
where λij and ei can be any arbitrary real constant.
Using (17), we obtain the following adjoint representations for Lie algebra III.
χ1 =


0 0 0
0 1 1
0 1 1

 , χ2 =


0 −1 −1
0 0 0
0 0 0

 , χ3 =


0 −1 −1
0 0 0
0 0 0

 , (29)
Y1 =


0 0 0
0 0 0
0 0 0

 , Y2 =


0 1 1
−1 0 0
−1 0 0

 , Y3 =


0 1 1
−1 0 0
−1 0 0

 , (30)
Inserting (28), (29) and (30) in (19) and (18) one can find the Λ and E for the Lie algebra.
One of the solutions has the following forms:
Λ =


0 λ12 λ13
−λ12 0 λ23
−λ13 −λ23 0

 , E =


0
−λ13 + λ12
λ13 − λ12

 . (31)
By the preceding theorem, we show that the Jacobi structure (Λ, E) contains the following equivalence classes:
Applying the following automorphism group of a Lie algebra III ([25], see also Table 5)
A =


1 a12 a13
0 a22 a23
0 a23 a22

 , (32)
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and inserting the above automorphism in the relations
Λ′ = AtΛA,
and
E′ = EA,
we obtain
A =


1
λ23
λ12
2 − λ13
2 b
0 −
λ13
λ12
2 − λ13
2
λ12
λ12
2 − λ13
2
0
λ12
λ12
2 − λ13
2 −
λ13
λ12
2 − λ13
2


, (33)
since detA=−
1
(λ12 − λ13) (λ12 + λ13)
6= 0 and does not depend on λ23, this parameter can be any value.
Furthermore, we also have λ12 6= ±λ13.
First, if λ12 = 0 6= ±λ13, then Jacobi structure (Λ, E) is classified as follows
Λ′ =


0 0 1
0 0 0
−1 0 0

 , E′ =


0
−1
1

 . (34)
Second, if λ12 = −λ13 6= 0, then
A =


1
−bλ13
2 − 2 cλ13λ23 + λ23
λ13
2 b
0 c
cλ13 − 1
λ13
0
cλ13 − 1
λ13
c


(35)
where detA=
2 cλ13 − 1
λ13
2 6= 0, hence, Jacobi structure (Λ, E) is classified as follows
Λ′′ =


0 −1 1
1 0 0
−1 0 0

 , E′′ =


0
−2
2

 . (36)
Third, if λ12 = λ13, then the Jacobi structure (Λ, E) is classified the Poisson structure. Thus, the Jacobi
structure (Λ, E) is the disjoint union of equivalence classes (Λ′, E′), (Λ′′, E′′) and the Poisson structure.
In this way, we have determined all of the Jacobi structures for real two- and three-dimensional Lie algebras.
The results have been listed in Tables 3 and 4.
The obtained structures can similarly be converted to the Jacobi structures Λ′ and E′ on Lie group. Thus,
we transform the Jacobi structures Λ′ and E′ for the Lie algebra to Jacobi structures Λ′ and E′ for the Lie
group using (13) and (14).
To compute these Jacobi structures, we need to determine the vielbein e µa for Lie groups, and in order to
find the vielbein e µa for Lie group, it is required to calculate the left invariant one-forms on the Lie group as
follows:
g−1dg = eaµXadx
µ, ∀g ∈ G (37)
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where {Xa} are generators of the Lie group; previously all of the left-invariant one forms are obtained in [25,
26]; henceforth, the inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group III is obtained as
1
e µa =


1 0 0
−x2 − x3 1 0
−x2 − x3 0 1

 (38)
To sum up, substituting (34) and (38) in (13) and (14) one can calculat the Jacobi structures Λ′ and E′ on
the Lie group III as follows:
Λ′ =


0 0 1
0 0 −x2 − x3
−1 x2 + x3 0

 , E′ =


0
−1
1

 . (39)
Moreover, substituting (36) and (38) in (13) and (14) one can calculat the other Jacobi structures Λ′′ and E′′
on the Lie group III as follows:
Λ′′ =


0 −1 1
1 0 −2 x2 − 2 x3
−1 2 x2 + 2 x3 0

 , E′′ =


0
−2
2

 . (40)
4 Jacobi–Lie Hamiltonian systems on real two- and three-dimensional
Lie groups
In this section, we show how our results can be illustrated by some relevant examples of Jacobi–Lie Hamiltonian
systems.
Example 1. Consider the two-dimensional real Lie group A2 with the local coordinate system {x1, x2}.
One of the Jacobi structures on the Lie algebra A2 has the following forms ( see Table 3) :
Λ =
(
0 λ12
−λ12 0
)
, E =
(
1
0
)
. (41)
where λ12 ∈ R− {0}. The inverse of the vielbein e
a
µ (i.e. e
µ
a ) for the Lie group A2 is obtained as
e µa =
(
ex2 0
0 1
)
. (42)
Substituting (41) and (42) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group
A2 as follows:
Λ =
(
0 ex2λ12
−ex2λ12 0
)
, E =
(
ex2
0
)
. (43)
It is straightforward to show that we have:
[[Λ, Λ]] = 2E ∧Λ, [[E, Λ]] = 0;
thus (A2,Λ,E) is a Jacobi manifold.
Now using (43), (3), we obtain the Hamiltonian vector fields
XH1 = (−λ12 + x2) e
x2∂x1 X
H
2 =
(
(−x2 + 1)λ12
2 +
(
x2
2 − x2
)
λ12 + x2
2
)
x1
(x2 − λ12)
2 ∂x1 +
λ12x2
x2 − λ12
∂x2 ,
1Here we use the group parametrization g = ex1X1ex2X2ex3X3 and g = ex1X1ex2X2 for three and two dimensional real Lie
groups.
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such that they span the Lie algebra A2 with non-zero commutators [X
H
1 , X
H
2 ] = X
H
1 .
Take the system on A2 defined by
dα2
dt
=
2∑
i=1
ai(t)X
H
i (α2), ∀α2 ∈ A2, (44)
for arbitrary t-dependent functions ai(t).
The associated time-dependent vector field XA2 =
∑2
i=1 ai(t)X
H
i is a Lie system since X
A2 takes values in
the Lie algebra A2.
Meanwhile, vector fieldsXH1 andX
H
2 are Hamiltonian with respect to (A2,Λ,E) with Hamiltonian functions
f1 = x2 and f2 =
e−x2x2x1
x2 − λ12
, respectively. consequently, (A2,Λ,E, X
A2) is a Jacobi–Lie system.
Additionally, it is easy to see that {f1, f2}Λ,E = f1. Thus, X
A2 admits a Jacobi-Lie Hamiltonian system
(A2,Λ,E, f).
Example 2. Consider the three-dimensional real Lie group II with the local coordinate system {x1, x2, x3}.
One of the Jacobi structures on the Lie algebra II has the following forms:
Λ =


0 0 0
0 0 1
0 −1 0

 , E =


1
0
0

 . (45)
The inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group II is obtained as
e µa =


1 x3 0
0 1 0
0 0 1

 . (46)
Substituting (45) and (46) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group II
as follows:
Λ =


0 0 x3
0 0 1
−x3 −1 0

 , E =


1
0
0

 (47)
It is easy to prove that
[[Λ, Λ]] = 2 ∂x1 ∧ ∂x2 ∧ ∂x3 = 2E ∧Λ, [[E, Λ]] = 0;
so, (II,Λ,E) is a Jacobi manifold.
Using (47), (3), we obtain the Hamiltonian vector fields
XH1 =
1
x2
∂x1 −
1
x22
∂x3 , X
H
2 = x2 ∂x1 + ∂x3 ,
XH3 =
x1
2x22
∂x1 −
1
2x2
∂x2 −
x1
x23
∂x3 ,
such that they span the Lie algebra II with non-zero commutators [XH2 , X
H
3 ] = X
H
1 .
Take the system on II as
dβ
dt
=
3∑
i=1
ai(t)X
H
i (β), ∀β ∈ II, (48)
for arbitrary time-dependent functions ai(t).
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The associated time-dependent vector field XII =
∑3
i=1 ai(t)X
H
i is a Lie system since X
II takes values in
the Lie algebra II. Also, vector fields XH1 , X
H
2 and X
H
3 are Hamiltonian relative to (II,Λ,E) with Hamiltonian
functions f1 =
1
x2
, f2 = x2 and f3 =
x2x3 + x1
2x22
, respectively. As a result, (II,Λ,E, XII) is a Jacobi–Lie system.
Additionally, we can write {f2, f3}Λ,E = f1. Therefore, (II,Λ,E, f =
∑3
i=1 ai(t)fi) is a Jacobi–Lie Hamil-
tonian system for vector field XII.
Example 3. Consider the three-dimensional real Lie group III with the local coordinate system {x1, x2, x3}.
One of the Jacobi structures on the Lie algebra III has the following forms:
Λ =


0 0 1
0 0 0
−1 0 0

 , E =


0
−1
1

 . (49)
The inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group III is obtained as
e µa =


1 0 0
−x2 − x3 1 0
−x2 − x3 0 1

 . (50)
Substituting (49) and (50) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group as
follows:
Λ =


0 0 1
0 0 −x2 − x3
−1 x2 + x3 0

 , E =


0
−1
1

 (51)
It is easy to check that
[[Λ Λ]] = 2 ∂x1 ∧ ∂x2 ∧ ∂x3 = 2E ∧Λ, [[E, Λ]] = 0;
hence, (III,Λ,E) is a Jacobi manifold.
Using (51), (3), we obtain the Hamiltonian vector fields
XH1 = −∂x2 + ∂x3 , X
H
2 = −x1 ∂x2 + (1 + x1)∂x3 ,
XH3 = −∂x1 − x1 ∂x2 + (1 + x1)∂x3 ,
such that they span the Lie algebra II with non-zero commutators [XH2 , X
H
3 ] = X
H
1 . Take the system on III as
dγ
dt
=
3∑
i=1
ai(t)X
H
i (γ), γ ∈ III, (52)
for arbitrary t-dependent functions ai(t).
The associated t-dependent vector field XIII =
∑3
i=1 ai(t)X
H
i is a Lie system since X
III takes values in the
Lie algebra II.
Meanwhile, vector fieldsXH1 , X
H
2 andX
H
3 are Hamiltonian relative to (III,Λ,E) with Hamiltonian functions
f1 = 1, f2 = x1 and f3 = x1 + x2 + x3, respectively. Thus, (III,Λ,E, X
III) is a Jacobi–Lie system.
In addition, we can write {f2, f3}Λ,E = f1. Then, (III,Λ,E, f =
∑3
i=1 ai(t)fi) is a Jacobi–Lie Hamiltonian
system for vector field XIII .
Another equivalence class of Jacobi structures on the Lie algebra III has the following forms:
Λ′ =


0 −1 1
1 0 0
−1 0 0

 , E′ =


0
−2
2

 . (53)
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Substituting (53) and (3) in (13) and (14) one can calculat the Jacobi structures Λ′ and E′ on the Lie group as
follows:
Λ′ =


0 −1 1
1 0 −2 x2 − 2 x3
−1 2 x2 + 2 x3 0

 , E′ =


0
−2
2

 (54)
It is easy to check that
[[Λ′, Λ′]] = 0 = 2E′ ∧Λ′, [[E′, Λ′]] = 0;
Hence, (III,Λ′,E′) is a Jacobi manifold.
Using (54) and (3), we see that the vector fields X1, X2, X3 cannot form a basis for the Lie group of III. So we
cannot discuss the Lie system.
Example 4. Consider the three-dimensional real Lie group IV with the local coordinate system {x1, x2, x3}.
One of the Jacobi structures on the Lie algebra IV has the following forms:
Λ′ =


0 1 0
−1 0 0
0 0 0

 , E′ =


0
1
1

 . (55)
The inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group IV is obtained as
e µa =


1 0 0
−x2 1 0
x2 − x3 0 1

 . (56)
Substituting (55) and (56) in (13) and (14) one can calculat the Jacobi structures Λ′ and E′ on the Lie group
as follows:
Λ′ =


0 1 0
−1 0 −x2 + x3
0 x2 − x3 0

 , E′ =


0
1
1

 (57)
It is easy to check that
[[Λ′, Λ′]] = 2 ∂x1 ∧ ∂x2 ∧ ∂x3 = 2E
′ ∧Λ′, [[E′, Λ′]] = 0;
Hence, (IV,Λ′,E′) is a Jacobi manifold. Using (57), (3), we obtain the Hamiltonian vector fieldsXH1 = ∂x2+∂x3 ,
XH2 = (−
e−x3
x2 − x3
) ∂x1 + (− (x3 + ln (−x2 + x3)) (−1 + x2 − x3) e
−x3)∂x2 + (e
−x3 (x3 + ln (−x2 + x3)))∂x3
and
XH3 = −e
−x3 (−1 + x2 − x3)) ∂x2 + (e
−x3)∂x3 ,
such that they span the Lie algebra IV with non-zero commutators [XH1 , X
H
2 ] = −X
H
2 +X
H
3 , [X
H
1 , X
H
3 ] = −X
H
3 .
Take the system on IV as
dδ
dt
=
3∑
i=1
ai(t)X
H
i (δ), ∀δ ∈ IV, (58)
for arbitrary time-dependent functions ai(t). The associated time-dependent vector field X
IV =
∑3
i=1 ai(t)X
H
i
is a Lie system since XIV takes values in the Lie algebra IV .
Moreover, vector fields XH1 , X
H
2 and X
H
3 are Hamiltonian relative to (IV,Λ
′,E′) with Hamiltonian functions
f1 = 1, f2 = (ln (−y + z) + 1 + z) e
−z and f3 = e
−z, respectively. Consequently, (IV,Λ′,E′, XIV) is a Jacobi–
Lie system. Additionally, we have {f1, f2}Λ′,E′ = −f2 + f3, {f1, f3}Λ′,E′ = −f3.
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So, (IV,Λ′,E′, f =
∑3
i=1 ai(t)fi) is a Jacobi–Lie Hamiltonian system for vector field X
IV.
Another equivalence class of Jacobi structures on the Lie algebra IV has the following forms:
Λ =


0 0 1
0 0 0
−1 0 0

 , E =


0
0
1

 . (59)
Substituting (56) and (59) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group as
follows:
Λ =


0 0 1
0 0 −x2
−1 x2 0

 , E =


0
0
1

 (60)
It is easy to check that
[[Λ Λ]] = 0 = 2E ∧Λ, [[E, Λ]] = 0;
hence, (IV,Λ,E) is a Jacobi manifold. Using (60) and (3), we see that the vector fields X1, X2, X3 cannot form
a basis for the Lie group of IV. So we cannot discuss the Lie system.
Example 5. Consider the three-dimensional real Lie groupVI0 with the local coordinate system {x1, x2, x3}.
One of the Jacobi structures on the Lie algebra V I0 has the following forms:
Λ =


0 0 0
0 0 1
0 −1 0

 , E =


1
0
0

 . (61)
The inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group VI0 is obtained as
e µa =


cosh (x3) sinh (x3) 0
sinh (x3) cosh (x3) 0
0 0 1

 . (62)
Substituting (61) and (62) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group as
follows:
Λ =


0 0 sinh (x3)
0 0 cosh (x3)
− sinh (x3) − cosh (x3) 0

 , E =


cosh (x3)
sinh (x3)
0

 (63)
It is easy to prove that
[[Λ Λ]] = 2 ∂x1 ∧ ∂x2 ∧ ∂x3 = 2E ∧Λ, [[E, Λ]] = 0;
so, (II,Λ,E) is a Jacobi manifold.
Using (63), (3), we obtain the Hamiltonian vector fields XH1 = cosh (x3) ∂x1 + sinh (x3) ∂x2 ,
XH2 = (− sinh (x3) + x3 cosh (x3)) ∂x1 + (− cosh (x3) + x3 sinh (x3))∂x2 ,
andXH3 = −x2 ∂x1−x1 ∂x2− ∂x3 , such that they span the Lie algebra II with non-zero commutators [X
H
2 , X
H
3 ] =
XH1 . Take The system on VI0 as
dζ
dt
=
3∑
i=1
ai(t)X
H
i (ζ), ∀ζ ∈ VI0, (64)
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for arbitrary t-dependent functions ai(t). The associated time-dependent vector field X
VI0 =
∑3
i=1 ai(t)X
H
i is
a Lie system since XVI0 takes values in the Lie algebra II.
In addition, vector fields XH1 , X
H
2 and X
H
3 are Hamiltonian relative to (VI0,Λ,E) with Hamiltonian func-
tions f1 = 1, f2 = x3 and f3 = x1 sinh (x3)−x2 cosh (x3) , respectively. Thus, (VI0,Λ,E, X
VI0) is a Jacobi–Lie
system.
Additionally, the functions f1, f2 and f3 satisfy {f2, f3}Λ2,E2 = f1. Then, (VI0,Λ,E, f =
∑3
i=1 ai(t)fi) is
a Jacobi–Lie Hamiltonian system for vector field XVI0 .
Example 6. Consider the three-dimensional real Lie groupVII0 with the local coordinate system {x1, x2, x3}.
One of the Jacobi structures on the Lie algebra V II0 has the following forms:
Λ =


0 0 0
0 0 1
0 −1 0

 , E =


1
0
0

 . (65)
The inverse of the vielbein eaµ (i.e. e
µ
a ) for the Lie group VII0 is obtained as
e µa =


cos (x3) sin (x3) 0
− sin (x3) cos (x3) 0
0 0 1

 . (66)
Substituting (65) and (66) in (13) and (14) one can calculat the Jacobi structures Λ and E on the Lie group as
follows:
Λ =


0 0 sin (x3)
0 0 cos (x3)
− sin (x3) − cos (x3) 0

 , E =


cos (x3)
− sin (x3)
0

 (67)
It is easy to prove that
[[Λ Λ]] = 2 ∂x1 ∧ ∂x2 ∧ ∂x3 = 2E ∧Λ, [[E, Λ]] = 0;
so, (II,Λ,E) is a Jacobi manifold.
Using (67), (3), we obtain the Hamiltonian vector fields
XH1 = cos (x3) ∂x1 − sin (x3) ∂x2 , X
H
2 = (− sin (x3) + x3 cos (x3)) ∂x1 + (− cos (x3)− x3 sin (x3))∂x2 ,
XH3 = ((−2 x1x3 + x2) (cos (x3))
2
+ (2 x2x3 + x1) cos (x3) sin (x3)− x2x3
2 + x1x3 − 2 x2) ∂x1+
((2 x2x3 + x1) (cos (x3))
2 + 2 sin (x3)
(
x1x3 −
1
2
x2
)
cos (x3) + x1x3
2 − x2x3 + x1) ∂x2 + (−x3
2 − 1)∂x3 ,
such that they span the Lie algebra V II0 with non-zero commutators [X
H
1 , X
H
3 ] = −X
H
2 , [X
H
2 , X
H
3 ] = X
H
1 .
Take The system on VII0 as
dη
dt
=
3∑
i=1
ai(t)X
H
i (η), ∀η ∈ VII0, (68)
for arbitrary non-autonomous functions ai(t).
The associated non-autonomous vector field XVII0 =
∑3
i=1 ai(t)X
H
i is a Lie system since X
VII0 takes values
in the Lie algebra V II0. Moreover, vector fields X
H
1 , X
H
2 and X
H
3 are Hamiltonian relative to (VII0,Λ,E) with
Hamiltonian functions f1 = 1, f2 = x3 and f3 =
(
−x2x3
2 − x1x3 − x2
)
cos (x3) − sin (x3)
(
x1x3
2 − x2x3 + x1
)
respectively. Then, (VII0,Λ,E, X
VII0) is a Jacobi–Lie system.
Additionally, we observe that {f1, f3}Λ,E = −f2 and {f2, f3}Λ,E = f1.
Therefore, (VII0,Λ,E, f =
∑3
i=1 ai(t)fi) is a Jacobi–Lie Hamiltonian system for vector field X
VII0 .
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Appendix 1: Real Two- and Three-Dimensional Lie Algebras
Table 1: Real two-dimensional Lie algebras.
Lie algebra Commutation relations
A1 [Xi, Xj ] = 0
A2 [X1, X2] = X1
Table 2: Real three-dimensional Lie algebras.
Lie algebra Commutation relations Comments
I [Xi,Xj ] = 0
II [X2, X3] = X1
III [X1, X3] = −(X2 +X3) , [X1,X2] = −(X2 +X3)
IV [X1, X3] = −X3 , [X1, X2] = −(X2 −X3)
V [X1, X3] = −X3 , [X1, X2] = −X2
V I0 [X2, X3] = X1 , [X1, X3] = X2
V Ia [X1, X3] = −(X2 + aX3) , [X1, X2] = −(aX2 +X3) a ∈ R− {1}, a > 0
V II0 [X2, X3] = X1 , [X1,X3] = −X2
V IIa [X1, X3] = −(X2 + aX3) , [X1, X2] = −(aX2 −X3) a ∈ R, a > 0
V III [X2, X3] = X1 , [X1, X3] = −X2 , [X1, X2] = −X3
IX [X2, X3] = X1 , [X1, X3] = −X2 , [X1, X2] = X3
Appendix 2: Jacobi Structures on Two- and Three-Dimensional Lie
Algebras and Equivalence Classes
Table 3: Jacobi structures on two-dimensional Lie algebras and Equivalence classes.
Jacobi structure on Lie algebra A1 Equivalence classes Comments
Λ = λ12∂x1 ∧ ∂x2 Λ = ∂x1 ∧ ∂x2
E = −e1∂x1 − e2∂x2 E = −∂x1
Jacobi structures on Lie algebra A2
Λ1 = λ12∂x1 ∧ ∂x2 Λ = λ12∂x1 ∧ ∂x2 λ12 ∈ R− {0}
E1 = e1∂x1 E = ∂x1
Λ2 = 0 Λ = 0
E2 = −e1∂x1 − e2∂x2 E = −∂x1 − e2∂x2 e2 ∈ R
Table 4: Jacobi structures on Bianchi real three dimensional Lie algebras and Equivalence classes.
Jacobi structures on Lie algebra I Equivalence classes Comments
Λ1 =
−e1λ23 + e2λ13
e3
∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x1 ∧ ∂x3 + ∂x2 ∧ ∂x3
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −∂x3
Λ2 = λ12∂x1 ∧ ∂x2 +
e1λ23
e2
∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x1 ∧ ∂x2
E2 = −e1∂x1 − e2∂x2 E = −∂x2
Λ3 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 Λ = ∂x1 ∧ ∂x2 + ∂x1 ∧ ∂x3
E3 = −e1∂x1 E = −∂x1
Jacobi structures on Lie algebra II Equivalence classes
Λ1 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 Λ = ∂x1 ∧ ∂x2
E1 = −e1∂x1 − e2∂x2 −
e2λ13
λ12
∂x3 E = −∂x1 − ∂x2
Λ2 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x2 ∧ ∂x3
E2 = λ23∂x1 E = ∂x1
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Table 4: (Continued.)
Jacobi structures on Lie algebra III Equivalence classes Comments
Λ1 = λ12∂x1 ∧ ∂x2 − λ12∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x2 ∧ ∂x3
E1 =
λ12(e3+e2)
λ23
∂x1 − e2∂x2 − e3∂x1 E = −∂x3
Λ2 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x1 ∧ ∂x3
λ12 6= λ13
λ12 6= −λ13
E2 = (−λ13 + λ12)∂x2 + (λ13 − λ12)∂x3 E = −∂x2 + ∂x3
Λ′ = −∂x1 ∧ ∂x2 + ∂x1 ∧ ∂x3 λ12 = −λ13
E′ = −2∂x2 + 2∂x3
Λ3 = λ12∂x1 ∧ ∂x2 + λ12∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x2 ∧ ∂x3
λ12 = 0
e2 6= 0
E3 = −e2∂x2 − e2∂x3 E = −∂x2 − ∂x3
Λ′ = ∂x1 ∧ ∂x2 + ∂x1 ∧ ∂x3 + ∂x2 ∧ ∂x3 λ12 = e2 6= 0
E′ = −∂x2 − ∂x3
Jacobi structures on Lie algebra IV Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e1∂x1 e1 ∈ R− {0}
Λ2 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x1 ∧ ∂x3
λ12 = 0
λ13 6= 0
E2 = λ12∂x2 + (λ12 + λ13)∂x3 E = ∂x3
Λ′ = ∂x1 ∧ ∂x2 λ12 6= 0
E′ = ∂x2 + ∂x3
Λ3 = λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ13∂x1 ∧ ∂x3 λ13 ∈ R− {0}
E3 = −e3∂x3 E = −∂x3
Λ4 = λ23∂x2 ∧ ∂x3 Λ = λ23∂x2 ∧ ∂x3 λ23 ∈ R− {0}
E4 = −e2∂x2 − e3∂x3 E = −∂x2 − ∂x3
Jacobi structures on Lie algebra V Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e1∂x1 e1 ∈ R− {0}
Λ2 =
e2λ13
e3
∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ13∂x1 ∧ ∂x3 λ13 ∈ R− {0}
E2 = −e2∂x2 − e3∂x3 E = −∂x3
Λ3 = λ12∂x1 ∧ ∂x2 + λ23∂x2 ∧ ∂x3 Λ = λ12∂x1 ∧ ∂x2 λ12 ∈ R− {0}
E3 = −e2∂x2 E = −∂x2
Jacobi structures on Lie algebra V I0 Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e3∂x3
Λ2 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x2 ∧ ∂x3
E2 = λ23∂x1 + λ13∂x2 E = ∂x1
Λ3 = λ12∂x1 ∧ ∂x2 + λ23∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ23∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 λ23 ∈ R− {0}
E3 = −e2∂x1 − e2∂x2 E = −∂x1 − ∂x2
Λ4 = λ12∂x1 ∧ ∂x2 Λ = λ12∂x1 ∧ ∂x2 λ12 ∈ R− {0}
E4 = −e1∂x1 − e2∂x2 E = −∂x1
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Table 4: (Continued.)
Jacobi structures on Lie algebra V Ia Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e1∂x1 e1 ∈ R− {0}
Λ2 = λ12∂x1 ∧ ∂x2 + λ12∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ12∂x1 ∧ ∂x2 + λ12∂x1 ∧ ∂x3
E2 = (aλ12 − λ12)∂x2 + (aλ12 − λ12)∂x3 E = (aλ12 − λ12)∂x2 + (aλ12 − λ12)∂x3 λ12 ∈ R− {0}
Λ3 = λ12∂x1 ∧ ∂x2 − λ12∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ12∂x1 ∧ ∂x2 − λ12∂x1 ∧ ∂x3 λ12 ∈ R− {0}
E3 = −e2∂x2 + e2∂x3 E = −∂x2 + ∂x3
Λ4 = λ12∂x1 ∧ ∂x2 + λ12∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = λ12∂x1 ∧ ∂x2 + λ12∂x1 ∧ ∂x3 λ12 ∈ R− {0}
E4 = −e2∂x2 − e2∂x3 E = −∂x2 − ∂x3
Λ5 = λ23∂x2 ∧ ∂x3 Λ = λ23∂x2 ∧ ∂x3 λ23 ∈ R− {0}
E5 = −e3∂x3 E = −∂x3
Jacobi structures on Lie algebra V II0 Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e3∂x3 e3 ∈ R− {0}
Λ2 = λ12∂x1 ∧ ∂x2 + λ13∂x1 ∧ ∂x3 + λ23∂x2 ∧ ∂x3 Λ = ∂x2 ∧ ∂x3 λ
2
13 + λ
2
23 6= 0
E2 = λ23∂x1 − λ13∂x2 E = ∂x1
Λ3 = λ12∂x1 ∧ ∂x2 Λ = λ12∂x1 ∧ ∂x2 λ12 ∈ R− {0}
E3 = −e1∂x1 − e2∂x2 E = −∂x2
Jacobi structures on Lie algebra V IIa Equivalence classes
Λ1 = 0 Λ = 0
E1 = −e1∂x1 − e2∂x2 − e3∂x3 E = −e1∂x1 e1 ∈ R− {0}
Λ2 = λ23∂x2 ∧ ∂x3 Λ = λ23∂x2 ∧ ∂x3 λ23 ∈ R− {0}
E2 = −e2∂x2 − e3∂x3 E = −∂x3
Appendix 3: Automorphism Groups of Real Low-Dimensional Lie
Algebras
Table 5: Automorphism groups of real two- and three-dimensional Lie algebras ( see also [25]).
Lie Algebra Automorphism groups Comments
A1 GL(2,R)
A2
(
a11 0
a21 1
)
a11 ∈ R− {0}
I GL(3, R)
II

 a22a33 − a23a32 0 0a21 a22 a23
a31 a32 a33

 a21, a22, a23, a31, a32, a33 ∈ R, a22a33 6= a23a32
III, V Ia

 1 a12 a130 a22 a23
0 a23 a22

 a12, a13, a22, a23 ∈ R, a22 6= ±a23
IV

 1 a12 a130 a22 a23
0 0 a22

 a12, a13, a23 ∈ R, a22 ∈ R− {0}
V

 1 a12 a130 a22 a23
0 a32 a33

 a12, a13, a22, a23, a32, a33 ∈ R, a22a33 6= a23a32
V I0

 a11 a12 0a12 a11 0
a31 a32 1

 ,

 a11 a12 0−a12 −a11 0
a31 a32 −1

 a11, a12, a31, a32 ∈ R, a11 6= ±a12
V II0

 a11 a12 0−a12 a11 0
a31 a32 1

 ,

 a11 a12 0a12 −a11 0
a31 a32 −1

 a11, a12, a31, a32 ∈ R, a211 + a212 6= 0
V IIa

 1 a12 a130 a22 −a23
0 a23 a22

 a12, a13, a22, a23 ∈ R, a222 + a223 6= 0
V III SL(2,R)
IX SO(3)
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